We study topological field theory describing gapped phases of gauge theories where the gauge symmetry is partially Higgsed and partially confined. The TQFT can be formulated both in the continuum and on the lattice and generalizes Dijkgraaf-Witten theory by replacing a finite group by a finite 2-group. The basic field in this TQFT is a 2-connection on a principal 2-bundle. We classify topological actions for such theories as well as loop and surface observables. When the topological action is trivial, the TQFT is related to a Dijkgraaf-Witten theory by electric-magnetic duality, but in general it is distinct. We propose the existence of new phases of matter protected by higher symmetry.
Introduction and summary
Gapped phases of matter are described at long distances by unitary Topological Quantum Field Theories. Thus it is of great interest to try to classify unitary TQFTs, at least in space-time dimensions up to four. Since gauge interactions are ubiquitous in nature, it is particularly interesting to identify TQFTs which describe gapped phases of gauge theories. In the case when the microscopic gauge group is Higgsed down to a finite group G, a complete classification (at least if no further global symmetries are postulated) has been given by Dijkgraaf and Witten [1] . Namely, topological actions in d dimensions are classified by degree-d cohomology classes for G with coefficients in U (1). But DW theories do not exhaust all possibilities. For example, in 3d there are Chern-Simons theories, which are more general than 3d DW theories. In this paper we study another class of TQFTs which exist in all dimensions and are more general than DW theories. These TQFTs involve both 1-form and 2-form gauge fields, as well as 0-form and 1-form gauge symmetries. 1-form gauge fields take values in the Lie algebra of a Lie group G, while 2-form fields take values in the Lie algebra of another Lie group H. There is a homomorphism t from H to G and an action α of G on H which enable one to write down a consistent set of transformation rules. The quadruple G = (G, H, t, α) is what is known as a 2-group (see the next section). It has been argued in [2] that such TQFTs describe massive phases of gauge theories where the microscopic gauge group is partially confined and partially Higgsed. More precisely, G is the part of the microscopic gauge group which is not Higgsed, and the image of t is the the confined subgroup of G. In this paper we analyze such TQFTs along the lines of [1] .
In the case when H is trivial, our TQFT reduces to a DW theory. The other extreme is when H = G and t is a surjection. In this case the whole gauge group is confined, but the theory may have a nontrivial "magnetic gauge group" given by ker t. Such theories have been recently analyzed in [3, 4] (see also [5] and section 5 of [6] ) . The present paper generalizes both [1] and [3, 4] .
Here is a brief summary of our results. We show that TQFTs which describe phases with both Higgs effect and confinement depend on the following data: a finite (possibly non-Abelian) group Π 1 , a finite abelian group Π 2 , an action of Π 1 on Π 2 , and a degree-3 group cohomology class for Π 1 with coefficients in Π 2 . Here Π 1 is interpreted as the low-energy "electric" gauge group while Π 2 is the "magnetic" gauge group. For every such quadruple and every d > 1 we construct a lattice model in d dimensions generalizing the DW model. It describes a lattice gauge field with gauge group Π 1 coupled to a lattice 2-form with values in Π 2 . We classify possible action for such models in dimensions 2, 3 and 4. In dimension 2 the theory is equivalent to the DW theory for Π 1 . In dimension 3 the action depends on two parameters: a degree-3 cohomology class for Π 1 with coefficients in U (1) and a degree-1 cohomology class for Π 1 with coefficients in Π 2 = Hom(Π 1 , U (1)). In dimension 4 the action depends on three parameters: a degree-4 cohomology class for Π 1 with coefficients in U (1), a degree-2 cohomology class for Π 1 with coefficients inΠ 2 , and a quadratic function on Π 2 with values in U (1). We show that in dimension 3 the lattice 2-form can be dualized to a lattice scalar with values inΠ 2 . In dimension 4 the lattice 2-form can be dualized to a lattice gauge field provided only the first two terms in the action are nonzero. We also classify TQFT observables, including surface observables measuring the flux of the 2-form.
Recently DW theories found a new application: it has been argued that topological actions for a DW theory with gauge group G classify gapped phases of matter with global symmetry G and no long-range entanglement [7, 8, 9] . Such gapped phases are called symmetryprotected phases. We propose that there are more general phases which are protected not by a symmetry group, but by a symmetry 2-group. While an ultralocal internal symmetry group acts on degrees of freedom living on sites of a lattice, a ultralocal 2-symmetry acts on both site and link variables. The groups Π 1 and Π 2 describe symmetry transformations which live on sites and links, respectively. Gapped phases protected by a 2-group symmetry G are classified by topological actions for a TQFT based on G. In the special case when only the magnetic gauge group Π 2 is nontrivial (the case considered in detail in [3] ) it appears that the 2-group TQFT is equivalent to a special case of the Walker-Wang TQFT [10, 11] .
More generally, as explained below, in d space-time dimensions one can contemplate symmetry p-groups with p ≤ d, and accordingly one can have gapped phases with short-range entanglement protected by such higher symmetry.
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2-groups
We begin by recalling the notion of a 2-group [12] and its physical interpretation [2] . The most concise definition uses the language of higher categories. A (weak) 2-group is a weak 2-category with a single object and such that all 1-morphisms are weakly-invertible and 2-morphisms are invertible. This is analogous to the definition of a group as a category with a single object and such that all morphisms are invertible.
The most pedestrian definition goes as follows. A 2-group is a quadruple G = (G, H, t, α) where G and H are groups, t : H→G is a group homomorphism, and α : G→Aut(H) is an action of G on H such that the following two identities hold:
A 2-group defined in this way is also known as a crossed module. The relation between the two definitions is this: G is the set of 1-morphisms, H is the set of 2-morphisms from the identity 1-morphism to all other 1-morphisms, the map t assigns to a 2-morphism its target 1-morphism. Let us give a few examples of 2-groups. One simple class of examples is obtained by taking G to be a connected simple Lie group, t : H→G to be a covering map, and α to be given by conjugation: h →ghg −1 , whereg = t −1 g. Note that while t −1 is multivalued, different choices are different only by elements of the center of H, and therefore α is well-defined. A nontrivial finite example is provided by H = G = Z 4 , t(n) = 2n, and α(n)(m) = (−1) n m.
We are interested in the case when G and H are Lie groups, and the maps t and α are smooth; such a 2-group is called a Lie 2-group. The physical meaning of these data is as follows: G is the subgroup of the microscopic gauge group which is not broken by the Higgs effect, im t ⊂ G is the part of G which is confined due to monopole condensation (this subgroup is normal, as a consequences of the identities (1), coker t = G/im t is the low-energy gauge group, ker t is the group whose elements label conserved magnetic fluxes (it is a subgroup of the center of H; we will call it the magnetic gauge group). In the above finite example, the unbroken gauge group is Z 4 , its Z 2 subgroup is confined, so the low-energy electric gauge group is Z 2 . The magnetic gauge group is also Z 2 , and the electric gauge group acts on the magnetic fluxes by "charge conjugation".
For groups we have an obvious notion of an isomorphism; for 2-groups a better notion is that of equivalence (of 2-categories). This notion does not preserve the sets G and H, it only preserves the sets coker t and ker t. This is very reasonable from the physical point of view: representations of coker t describe electric sources visible at long distances, elements of ker t describe magnetic sources, but G and H themselves are not observable at long distances. We will see that for any 2-group G there is a TQFT which depends only on the equivalence class of G.
It is thus natural to ask what sort of data describe the equivalence class of a 2-group. It turns out it is a quadruple (Π 1 , Π 2 , α, β), where Π 1 = coker t is a group, Π 2 = ker t is an abelian group, α is an action of Π 1 on Π 2 (it descends from the action of G on H, so we denote it by the same letter), and β is an element of H 3 (BΠ 1 , Π 2 ). Here and below BG denotes the classifying space of principal G-bundles. If the group G is finite, it is defined up to homotopy by the condition π n (BG) = 0 for n > 1 and π 1 (BG) = G [13] . By definition, there is a principal G-bundle EG with base BG such that the total space of EG is contractible. Group cohomology of G is defined in terms of EG. Namely, if G acts on an abelian group M , we have an associated flat bundle over BG with fiber M , and H d (BG, M ) denotes the degree-d cohomology of BG with coefficients in this bundle.
The definition of α : Π 1 →Aut(Π 2 ) should be clear: one first checks that the action of G on H maps ker t to itself, and then that elements of im t act trivially on ker t. This implies that coker t acts on ker t. Physically, this is also quite natural: the residual gauge group may act on the magnetic flux, like in the case of the gauge group O(2n), where charge conjugation is part of the gauge group and flips the sign of the magnetic flux.
The definition of β is less obvious. Mathematically, one uses the fact [14] that elements of H 3 (BΠ 1 , Π 2 ) can be interpreted as equivalence classes of double extensions of Π 1 by Π 2 , with a fixed action of Π 1 on Π 2 . That is, these are equivalence classes of four-term exact sequences
is a crossed module with coker t ′ = Π 1 , ker t ′ = Π 2 , and with α ′ inducing our chosen action of Π 1 on Π 2 . To get β we simply take the tautological sequence 1→ker t→H→G→coker t→1
We will see that the TQFT depends on (Π 1 , Π 2 , α, β) and nothing else. However, the continuum action is more conveniently written using the data (G, H, t, α). This is because we normally assume that Π 1 and Π 2 are finite (to ensure that the low-energy theory is gapped), but to write down a continuum action it is convenient to work with fields which take values in the Lie algebras of G and H.
The most basic example of a group arising from topology is the fundamental group of a (pointed connected) topological space. This group encodes the homotopy 1-type of a space. Similarly, there is a 2-group associated to any pointed connected topological space which encodes its homotopy 2-type. This 2-group has G = π 1 (X 1 , x 0 ), H = π 2 (X, X 1 , x 0 ), where X 1 is a 1-skeleton of X, and x 0 is the marked point. We will call it the fundamental 2-group of X. The homotopy equivalence class of these data is encoded by the quadruple (π 1 (X, x 0 ), π 2 (X, x 0 ), α, β), where α is the usual monodromy action of π 1 on π 2 and β ∈ H 3 (Bπ 1 , π 2 ) is the so-called Postnikov invariant of X.
2-gauge theory in the continuum
The path-integral of the DW theory is constructed as an integral over the moduli space of flat connections with a structure group G. Similarly, we can construct a TQFT whose path-integral is an integral over the moduli space of flat 2-connections with a structure 2-group G. But first we need to define the notion of a flat 2-connection on a manifold X.
A flat connection for a group G can be defined as a homomorphism from π 1 (X) to G. Similarly, a flat 2-connection for a 2-group G can be defined as a "2-homomorphism" from the fundamental 2-group of X to G. However, both of these definitions are not manifestly local and therefore not suitable for constructing a TQFT . A local definition of a flat 2-connection goes as follows [15, 16] .
Let g, h be the Lie algebras of G and H. Lett : h→g be the homomorphism of Lie algebras induced by the homomorphism of Lie groups t : H→G. Since ker t and coker t were assumed to be finite,t is an isomorphism. Letᾱ : G→Aut(h) be the action of G on h induced by α. Let {U i }, i ∈ I, be a cover of X such that all overlaps are contractible. A flat 2-connection with structure 2-group G is defined by the following data. On each chart U i one has a g-valued 1-form A i , on each U ij one has a G-valued function g ij and an h-valued 1-form λ ij , and on each U ijk one has an H-valued function h ijk so that the following conditions are satisfied:
• On each U ijk one has g ik = t(h ijk )g jk g ij , and
• On each U ijkl one has
We can also introduce h-valued 2-forms B i on each U i by
where
Alternatively, we can treat them as independent 2-forms, with suitable gluing conditions on double overlaps, and regard the condition
Just like in the case of ordinary connections, there is a notion of gauge equivalence of flat 2-connections.
be a pair of 2-connections. A gauge-equivalence between them is a G-valued function g i and an h-valued 1-form λ i on each U i , together with an H-valued function h ij on every U ij such that
• On each U i one has
, and
• On each U ijk one has
There are also 2-gauge transformations between gauge transformations, see [15, 16, 2] for details. If 2-forms B i are regarded as independent variables, then the action in d space-time dimensions has the form
where b is a Lagrange multiple (d − 2)-form with values in g * and S top is a topological action which is invariant under gauge equivalence of flat 2-connections. If we regard B i as dependent variables, then the action contains only S top . Below we will determine the most general form of S top in dimension 4 and lower.
For now, let us show that the moduli space of flat 2-connections can be reformulated purely in terms of the data (Π 1 , Π 2 , α, β). First, we use the 1-form gauge transformations to set A i = 0 (and consequently B i = 0). This ensures that the 1-forms λ ij is pure gauge:
and simultaneously that for any two points p, p ′ ∈ U ij we have
Thus if we project g ij to Π 1 = coker t, the resulting Π 1 -valued function is constant. We denote this function a ij . Next, let us choose a map s : Π 1 →G which is an inverse of the projection G→Π 1 . In general, we cannot choose s to be a homomorphism, but we can always choose it so that s(
ij is a function on U ij which takes values in im t. Thus there exists an H-valued function h ij such that t(h ij ) = s(a ij )g −1 ij . Performing another gauge transformation, now with λ i = 0, g i = 1 and h ij chosen as above, we bring the data defining a 2-connection to the form
In addition, the functions h ijk : U ijk →H are now constant. Thus the equivalence class of the flat 2-connection is completely determined by the constant functions a ij : U ij →Π 1 and h ijk : U ijk →H. On every U ijk these functions satisfy a constraint:
which implies that the functions a form a Cech 1-cocycle with values in Π 1 :
a ik a ji a kj = 1.
Furthermore, h ijk can be expressed in terms of the functions a and a constant function b ijk : U ijk →Π 2 :
The functions b ijk form a 2-cochain with values in Π 2 . This cochain is a twisted cocycle, in the sense that it satisfies
Here we used additive notation for the group operation on Π 2 , since Π 2 is an abelian group. Note that the right-hand side takes values in Π 2 = ker t, because f :
The left-hand side of this equation can be interpreted as a differential δ a in the Cech complex computing the cohomology of a local system on X. This local system has Π 2 as its fiber and is associated to the Π 1 local system defined by the 1-cocycle a via the action of Π 1 on Π 2 . The right-hand side also has a nice interpretation, if we recall [13] that a 1-cocycle a with values in Π 1 can be interpreted as defining a map a : X→BΠ 1 , and that a 2-group (G, H, t, α) defines a class β ∈ H 3 (BΠ 1 , Π 2 ). Then one can show that the right-hand side is a 3-cochain representing the class a * β.
To summarize, a flat 2-connection is determined by a 1-cocycle a with values in Π 1 and a 2-cochain b with values in a Π 2 local system satisfying the twisted cocycle condition
The residual gauge equivalences are described by constant Π 1 -valued functions f i on each U i and by constant Π 2 -valued functions µ ij on each U ij . The former transformations act as follows:
The latter transformations act trivially on a and shift the 2-cochain b by a coboundary:
2-gauge theory on a lattice
The lattice formulation of the G gauge theory is most easily defined with respect to a triangulation of the space-time X. The simplices need to be oriented so that our formulas have the proper signs. This can be achieved by ordering the vertices. We use the convention that higher vertex labels point towards lower vertex labels since our group elements act on the left. This is demonstrated in figures below. The theory depends on neither the triangulation nor this ordering.
To get a lattice description of the G gauge theory we use the description of flat 2-connections in terms of the data (Π 1 , Π 2 , α, β) obtained in the previous section. All one has to do is to rewrite the cochains a and b and conditions on them in simplicial terms. Since this is standard, we simply state the results.
A field configuration is an assignment of an element of A ∈ Π 1 to each edge (1-simplex) and of an element B ∈ Π 2 to each triangle (2-simplex). These correspond to the cochains a and b of the previous section. They are subject to the following constraints. Given a triangle with edge variables A 0 , A 1 , A 2 , labeled in the ordinary way according to the induced ordering on the vertices we have a flatness constraint
where the labeling and orientation is demonstrated in the figure below. 1 0
Labeling for edge variables on 2-simplices.
This ensures that the holonomy of A around any closed curve only depends on the homotopy class of that curve. Note that group elements are thought of as acting from the left.
There is also a constraint for every tetrahedron (3-simplex). For a tetrahedron with face variables B 0 , B 1 , B 2 , B 3 ∈ Π 2 labeled in the ordinary way and edge variables A 0 , A 1 , A 2 ∈ Π 1 labeled as shown in the picture below, one requires:
These transformations also affect the B field by
The second class of gauge transformations are 1-form gauge transformations specified by an assignment of an element of Π 2 to each edge such that a face variable B Σ is transformed by
for every triangle Σ where ∂Σ is assigned a 0 , a 1 , a 2 . These transformations do not affect the 1-cocycle A.
The 1-form gauge transformations have 2-gauge transformations parametrized by an assignment of an element of Π 2 to each vertex under which the 1-form gauge parameters a transform as
where ∂γ is assigned g 0 , g 1 . One can check that two 1-form gauge transformations related by such a 2-gauge transformation act identically on the fields.
The partition function is defined as the weighted sum over all allowed field configurations, divided by the order of the group of gauge transformations and multiplied by the order of the group of 2-gauge transformations. The weight must be gauge-invariant and topologically-invariant, in the sense that the partition function must be invariant under a subdivision of the triangulation. The most general weight function satisfying these conditions will be described in section 6.
Loop and surface observables
The above construction of the 2-group TQFT works in arbitrary spacetime dimension (and gives something different from the DijkgraafWitten theory in dimension 3 or higher). We now discuss observables in this TQFT focusing on the 4d case.
The 2-group TQFT in 4d describes the phase with both electric gauge group Π 1 and magnetic gauge group Π 2 and therefore admits two types of loop observables and two types of surface observables. Let us begin with loop observables. There are ordinary Wilson loops for the lattice gauge field A; they are labeled by representations of Π 1 . There are also disorder loop operators which correspond to 't Hooft loops in the microscopic gauge theory. In the lattice formulation, one chooses a closed path γ on the dual cell complex and modifies the twisted cocycle condition (4) on every 3-simplex T l dual to an edge of l ∈ γ as follows:
Here H l is an element of Π 2 . One can think of the elements H l as defining a dual 1-cochain with values in a Π 2 local system on the loop γ. The above equation implies that this cochain is a cocycle, so the elements H l for different l all lie in the same orbit of the Π 1 action on Π 2 . Therefore 't Hooft loops are labeled by orbits of the Π 1 -action in Π 2 .
There are also order and disorder surface observables. Disorder surface observables are defined by the condition that the Π 1 gauge field has a fixed holonomy along a loop linking a homologically trivial surface Σ. In the lattice formulation, Σ should be thought of as composed of 2-cells of the dual cell complex, and the insertion of the disorder operator supported on Σ amounts to deforming the 1-cocycle condition on A for every 2-simplex dual to the 2-cells of Σ. Such surface observables are labeled by conjugacy classes in Π 1 .
There are also Wilson surface observables are labeled by elements ofΠ 2 = Hom(Π 2 , U (1)) which satisfy two conditions. First of all, η ∈Π 2 must be invariant under the action of Π 1 . Second, η • β ∈ H 3 (Π 1 , U (1)) must vanish.
A quick way to see how these two conditions on η arise is as follows. The Wilson surface measures the flux of B though Σ. Thus it must involve a product over all 2-simplices making up Σ, with each simplex contributing a phase η(±B), where the sign is determined by the mutual orientation of Σ and the 2-simplex in question. Invariance with respect to gauge transformations requires η to Π 1 -invariant, giving the first condition on η. To obtain the second condition, note that the Wilson surface observable should evaluate to 1 if Σ is the boundary of a 3-simplex and no 't Hooft loop intersects this 3-simplex. Applying η to the twisted cocycle condition (4) we see that this is true if η • β(A 0 , A 1 , A 2 ) = 0 for all A 0 , A 1 , A 2 ∈ Π 1 . More generally, suppose the 3-cochain η • β(A 0 , A 1 , A 2 ) is not zero but is a coboundary of a 2-cochain on Π 1 with values in U (1):
Then one can modify the definition of the Wilson surface observable by multiplying the weight assigned to a 2-simplex by a factor γ(A 0 , A 1 ). The modified observable is trivial on an elementary 3-simplex, as required. On the other hand, if η • β is not cohomologous to zero, no local modification of the weight can solve the problem. Apart from the surface observables measuring the flux of B, one can also construct surface observables which are sensitive only to the 1-cocycle A. Namely, if we restrict A to a closed surface Σ, it defines a principal G-bundle on Σ with structure group Π 1 , and any class in H 2 (BΠ 1 , U (1)) gives a surface observable. Such observables are trivial if Σ is simply-connected, but are nontrivial in general.
The most general observable supported on a surface Σ involves both the B fluxes and the A-holonomies along a marked 1-skeleton of Σ. The Π 1 invariance of such operators may rely on the transformation of both A and B variables, so they are not necessarily products of Wilson lines and Wilson surfaces.
In three dimensions the analysis is very similar, so we just present the results. There are local operators (i.e. operators supported at points) labeled by orbits of Π 1 action on Π 2 . These correspond to 't Hooft point operators in the microscopic gauge theory. There are two kinds of loop observables: Wilson loops labeled by representations of Π 1 and vortex loops labeled by conjugacy classes in Π 1 . Finally there are Wilson surfaces defined in the same way as in four dimensions.
That is, they are labeled by a Π 1 -invariant element η ∈Π 2 which annihilates the class β, together with a class in H 2 (BΠ 1 , U (1)).
Topological actions
As described in the appendix, the configuration data (A, B) are equivalent to a simplicial map B from the spacetime X into the classifying space BG of the 2-group. Gauge equivalence classes are homotopy classes of these maps. This is analogous to the fact that a flat Gconnection can be viewed as a map to the classifying space BG. We therefore define an action functional for a d-dimensional theory by picking a class L ∈ H d (BG, R/Z) and setting
This action is gauge invariant and manifestly topological. To calculate the cohomology group H d (BG, R/Z) we need a good understanding of the classifying space BG. This space can be taken to be any space with G as its homotopy type. This implies π 1 (BG) = Π 1 , π 2 (BG) = Π 2 , and all higher homotopy groups vanish. It also means that the action of π 1 (BG) on π 2 (BG) is given by α as well as a more complicated condition involving the Postnikov invariant β. In the appendix we describe a cell structure for this space.
It turns out BG is a fibration over BΠ 1 with fiber B 2 Π 2 :
Here B 2 Π 2 is a space defined up to homotopy by the condition that π 2 (B 2 Π 2 ) = Π 2 while all other homotopy groups vanish. This fibration is classified by the Postnikov class β ∈ H 3 (BΠ 1 , Π 2 ). We know the cohomology of the base and fibers so we can use the Serre spectral sequence to get a reasonable handle on the cohomology of BG. Details of this spectral sequence are in the appendix. The Serre spectral sequence tells us that for 2-dimensional theories, L is a sum of two terms. The first term is an element of H 2 (B 2 Π 2 , R/Z). This cohomology group is isomorphic to the group Π 2 of homomorphisms Π 2 → R/Z. A character η ∈Π 2 gives a class on BG if and only if it is invariant under the action of Π 1 and η(β) ∈ H 3 (BΠ 1 , R/Z) is zero as a cohomology class. An interpretation of these conditions was discussed in the previous section.
The second term can be any element ω ∈ H 2 (BΠ 1 , R/Z).
The most general 2d action is therefore
where here B is the Π 2 -valued 2-form field and A : X→BΠ 1 is the composition of the classifying map B : X → BG with the fibration map BG → BΠ 1 . Equivalently this is the map X → BΠ 1 determined by the A variables. Note that if X = S 2 , then since π 2 (BΠ 1 ) = 0, the pullback A * ω always integrates to zero.
In three dimensions, we also find that L is a sum of two terms. The first term is an element ω ∈ H 3 (BΠ 1 , R/Z). The action depends on this element only up to the addition of a term of the form η(β), where η is a Π 1 -invariant character of Π 2 .
The second term is an element λ ∈ H 1 (BΠ 1 ,Π 2 ). As a cochain on BG, λ is closed only if λ, ∪β ∈ H 4 (BΠ 1 , R/Z) vanishes as a cohomology class.
The most general 3d action is therefore
Note that on a simply-connected space ω does not contribute since A * ω is exact. On the other hand, athough A * λ is exact, B is not closed, so their contraction is not necessarily exact. In four dimensions the action is a sum of three terms. The first term depends on an element of H 4 (B 2 Π 2 , R/Z). This group is isomorphic to the group of quadratic functions q : Π 2 → R/Z as discussed in [3] . In order for this cocycle to extend to BG, it needs to be invariant under the action of Π 1 . This is equivalent to the quadratic function q being invariant. In order for its extension to be closed, β, − q needs to vanish as an element of H 3 (BΠ 1 ,Π 2 ), where the bracket denotes the associated bilinear form for q.
The second term depends on an element λ ∈ H 2 (BΠ 1 ,Π 2 ). This gives a cocycle on BG when contracted with the B-field only if λ, ∪β is zero in H 5 (BΠ 1 , R/Z).
The third term is an integral of a pull-back of ω ∈ H 4 (BΠ 1 , R/Z). The action only depends on ω up to the addition of something of the form γ, ∪β for some γ ∈ H 1 (BΠ 1 ,Π 2 ).
The most general 4d action is therefore
where PB denotes the Pontryagin square of the B-field, and q * is the map from the universal quadratic group Γ(Π 2 ) to R/Z corresponding to q. This term is discussed in detail in [3] . Note that because of the Postnikov class β, it is only closed after applying q * . For simplyconnected X, as in the three-dimensional case, ω does not contribute, but λ does.
In the case of Dijkgraaf-Witten theory in dimension d, the topological action depends on a class in H d (BG, U (1)), and one can give an explicit description of the corresponding cocycle as a function of d variables living in G. From the mathematical viewpoint, this explicit description arises from the standard complex computing the cohomology of BG, while from the physical viewpoint the cocycle is the weight attached to a d-simplex [1] . Similarly, one can give an explicit description of a class in H d (BG, U (1)) as a function of several variables, some of them living in Π 1 and some living in Π 2 , satisfying a certain condition. This condition can be understood mathematically as a cocycle condition in a standard complex computing the cohomology of BG. However, even in low degrees the formulas are quite unwieldy. For this reason we only state them for d = 2. In this case the cocycle is a function L on Π 1 × Π 1 × Π 2 with values in R/Z. The cocycle condition is
where B 0 is not independent but is expressed through the variables A 0 , A 1 , A 2 , B 1 , B 2 , B 3 by means of (4). 2-cocycles for Π 1 can be identified with 2-cocycles for BG which do not depend on the Π 2 variable.
A 3-cocycle for a 2-group BG depends on three variables in Π 1 and three variables in Π 2 . In general, a d-cocycle depends on d variables in Π 1 and d(d − 1)/2 variables in Π 2 . They can be thought of as labeling edge and triangles containing a given vertex of a d-simplex.
Duality
Since the simplicial B-field takes values in an abelian group Π 2 , one could try to dualize it. In dimension d the dual variable should live on (d−3)-cells of the dual cell complex and take values in the Pontryagindual groupΠ 2 = Hom(Π 2 , U (1)). But in general a nontrivial topological action for B obstructs the dualization procedure. An important special case where the dualization can be performed is when the action is either independent of B, or depends on it linearly. Let us perform the dualization procedure in various dimensions.
For d = 2 the 2-group TQFT is essentially equivalent to the Dijkgraaf-Witten theory with gauge group Π 1 . First of all, the constraint (4) is not needed in this case. Second, the class η in the 2d action must vanish, because otherwise the partition function on S 2 vanishes after one sums over the B-fields, which contradicts the axioms of TQFT [17] . But then summation over B only produces an inessential numerical factor, and the theory is clearly equivalent to the DikgraafWitten theory for Π 1 with an action given by ω ∈ H 2 (BΠ 1 , R/Z).
For d = 3 the action is always linear in B, as explained in the previous section. Therefore the dualization is always possible. We impose the constraint (4) by means of a Lagrange multiplier field C which lives on dual 0-cells and takes values inΠ 2 . Thus we add to the action a term 2πi
and treat B as an unconstrained 2-cochain with values in Π 2 . For simplicity, let us first assume that Π 1 acts trivially on Π 2 . Then the differential δ A becomes the usual Cech differential δ, and summing over B produces a constraint
Since we assumed for now that α is trivial, the group H 1 (BΠ 1 ,Π 2 ) is merely the group of homomorphisms from Π 1 toΠ 2 . Thus the constraint on C reads explicitly
where l is a 1-cell of the of the dual cell complex with source and target 0 and 1. 1 This constraint is gauge-invariant provided we assign to C a nontrivial transformation law under Π 1 gauge transformations:
where f is a 0-cochain with values in Π 1 parameterizing a gauge transformation. Thus the dual theory is a topological sigma-model with targetΠ 2 coupled to a topological 3d gauge theory with gauge group Π 1 . The group Π 1 acts onΠ 2 via the homomorphism λ. The action of the gauge theory is
Note that while the first term is the Dijkgraaf-Witten action of the 3d gauge theory, the second term is of a different nature. The case of nontrivial α is not very different. The constraint on C now reads
The transformation law for C is now more complicated:
whereα denotes the action of Π 1 onΠ 2 dual to the action of Π 1 on Π 2 . The dual theory is again a gauged topological sigma-model with the same action as above.
For d = 4 we need to assume that the first term in the topological action vanishes (i.e. q = 0). Then the action is again linear in B, and B can be dualized to a 1-cochain C with values inΠ 2 . Performing summation over B we find a constraint on C which reads
where λ is a cocycle representing a class in H 2 (Π 1 ,Π 2 ). We also have the usual constraint which says that A is a 1-cocycle with values in Π 1 . One can show that these two constraints can be interpreted as the flatness constraint for a gauge field (A, C) taking values in an extension of Π 1 byΠ 2 determined by α and λ. Thus the dual theory is a topological gauge theory with this extension as the gauge group. The action is necessarily of the DW type and has the form
Note that even if the original 2-group TQFT had a trivial action (i.e. λ and ω vanish), the dual theory has a nontrivial action which is determined by β. On the other hand, the class λ which parameterized the action of the original theory enters the dual theory only through the structure of the gauge group.
Phases protected by higher symmetry
Recently, the Dijkgraaf-Witten TQFT was used in a novel way, as a tool to classify symmetry-protected (SPT) phases without long-range entanglement [7, 8, 9] . These are phases of matter which have three properties: (1) they are gapped; (2) they have a global symmetry group G which acts ultralocally; (3) the TQFT describing the lowenergy limit is trivial. Here by an ultralocal action of a global symmetry we mean that there is a lattice realization of the phase where the symmetry transformation only mixes degrees of freedom living on a given vertex (0-cell).
It was proposed in [7] that SPT phases in space-time dimension d with a finite internal 2 symmetry group G are classified by elements of H d (BG, U (1)). Let us provide an interpretation of this classification scheme in TQFT terms (see also [9] for a very similar discussion). We use the fact that a lattice system with an ultralocal internal symmetry can be canonically coupled to a flat gauge field with structure group G. Indeed, locally any flat G-connection is a pure gauge, i.e. a gauge transformation of the trivial connection. This gauge transformation is defined up to a constant symmetry transformation in G. Since the system is local, the lattice action is a sum over all vertices
where each term S v depends only on the degrees of freedom in the immediate neighborhood of the vertex. Since the symmetry acts ultralocally, each S v is separately invariant under constant symmetry transformations. We define the action of the system coupled to a flat background gauge field as a sum
where φ g is a transformation of the field configuration by a local gauge transformation g describing the flat connection. Since different choices of g differ by constant symmetry transformations, this expression is well-defined and gauge-covariant. Now we can integrate out the matter fields and obtain an effective action for the flat gauge field. It is necessarily topological and therefore must arise from a class in
It is natural to ask whether more general 2-group TQFTs we have studied here and in [2, 3] are related to new phases of matter not covered by the group cohomology classification. The role of the symmetry group G is should be taken by a 2-group G. In this more general setting, a global symmetry transformation is parameterized by an element of Π 1 and a flat gauge field with gauge group Π 2 . The action of G is assumed to be ultralocal, in the sense that the system can be canonically coupled to a flat 2-connection (A, B) with structure group G. If the system is gapped and the ground state has short-range entanglement, one can integrate out the matter fields and obtain a topological action for (A, B) which is described by an element of H d (BG, U (1)).
In the case when Π 2 is trivial, this reduces to the group cohomology classification of SPT phases. The opposite extreme is when Π 1 is trivial. In this case G is completely determined by an abelian group Π 2 , and phases protected by such a 2-symmetry are labeled by H d (B 2 Π 2 , U (1)). The first nontrivial case is d = 4, where Π 2 -protected phases are classified by quadratic functions on Π 2 with values in U (1). The same data classify pre-modular braided tensor categories whose simple objects are labeled by elements of Π 2 . Since pre-modular categories are also used in the construction of WalkerWang TQFTs [10] , it seems likely that 2-group TQFTs with trivial Π 1 are a special case of Walker-Wang models. Indeed, it has been conjectured in [10] (see also [11] ) that in the continuum limit WalkerWang models based on Z n are described by a BF action deformed by a term B ∧ B. This agrees with the continuum description of the 2-group TQFT discussed in [2, 3] .
A simple example of a system with an ultralocal 2-symmetry is given by a Yang-Mills theory with gauge group G where all matter fields transform trivially under the center of G. Then the symmetry 2-group has Π 1 = 0 and Π 2 = Z(G). The system can be "minimally coupled" to a flat B-field with values in Z(G). Essentially, this means that one performs the path-integral over Yang-Mills gauge fields with structure group G/Z(G) and a fixed 't Hooft flux described by B. The resulting function of B must be an integral over X of a pullback of a class in H d (B 2 Z(G), U (1) ). In the case d = 4, one can interpret the elements of this group as labeling discrete theta-angles in the underlying Yang-Mills theory [18, 3] .
Even more generally, if one dealing with a gapped phase in spacedimension d, symmetry transformations may live on cells of all dimensions up to d. This situation is most natural when the "matter fields" involve gauge fields of all form degrees. The symmetry structure in this case is described by a d-group, i.e. by a d-category with a single object and invertible 1-morphisms, 2-morphisms, etc. SPT phases in d dimensions with symmetry d-group G should be classified by degree-d cohomology of the classifying space of G. This classifying space has homotopy groups which may be non-vanishing in degrees up to d.
In the case of an SPT phase protected by a finite symmetry group G, the nontriviality of the corresponding class in H d (BG, U (1)) has interesting physical consequences for the boundary behavior of the phase [8] . The same appears to be true in the case of phases protected by a d-group symmetry. Namely, the boundary cannot be gapped by any perturbation which preserves G as an ultralocal symmetry and does not create long-range entanglement. Indeed, if such a perturbation existed, one could couple the system to a flat d-connection and integrate out the matter fields even in the presence of a nonempty boundary. This should produce a topological action for the flat 2-connection which is is gauge-invariant on a d-manifold with a boundary. Such an action should have the form
But this action is gauge-invariant only if ω = δψ, which contradicts the nontriviality of ω ∈ H d (BG, R/Z). Thus if G is preserved on the boundary, the boundary can be gapped only at the expense of creating a topological order on the boundary. Moreover, neither the bulk action, nor the boundary TQFT action are separately gauge-invariant in this case (there is an "anomaly-inflow" from the bulk to the boundary). Thus G is realized anomalously on the boundary, and this anomaly is measured by ω.
Alternatively, if we insist on having no topological order on the boundary, G must be explicitly or spontaneously broken there, and we can describe possible patterns of symmetry breaking. Namely, G must be broken down to a d-subgroup H such that ω becomes exact when restricted to H, ω| H = δψ. Only then is it possible to write a gauge-invariant effective action in the presence of a boundary.
Appendix: Classifying space of a 2-group
In this section we implicitly think of G as a 2-category.
The classifying space of a 2-group G is a topological space BG with G as its homotopy type. We can construct BG inductively as a cell complex with 1 0-cell, 1-cells corresponding to 1-morphisms in G, 2-cells corresponding to 2-morphisms, 3-cells corresponding to relations among the 2-morphisms, 4-cells added to kill any π 3 introduced in the previous stage, 5-cells added to kill any π 4 , and so on. Note that the relations among 1-morphisms are imposed by inserting the identity 2-morphisms, and any π 2 created among these is killed by the 3-cells imposing the relations among 2-morphisms.
Consider a configuration for the G gauge theory. Using a section s : Π 1 → G to make the A variables live in G and including the B variables in H, we can interpret this configuration as a composable diagram in G. Mapping each 0-cell of X to the unique 0-cell of BG, 1-cells to the 1-cell of the corresponding 1-morphism (an element of G), and 2-cells to the 2-cell of the corresponding 2-morphism (this is generally an element of H but the constraint (3) implies it is actually an element of Π 2 ), we obtain a map from the 2-skeleton of X to BG. The 3-cell constraint (4) implies that we can extend this map to all of X. Changing which section one uses amounts to a gauge transformation of the original configuration.
Conversely, by cellular approximation any map X → BG gives us a configuration for the G gauge theory. Cellular homotopies are gauge transformations, so we always get gauge-equivalent configurations if we pick a different cellular approximation.
There is a map of 2-groups, which may be thought of as a functor, from G to the group Π 1 (considered as a 2-group with only identity 2-morphisms) given by identifying isomorphic 1-morphisms in G. This gives a map on the 3-skeleton of BG to BΠ 1 . Since the higher cells are added to kill homotopy groups for each space, we can inductively extend this to a map BG → BΠ 1 . The fiber of this map over the unique 0-cell of BΠ 1 is the classifying space B 2 Π 2 of the group of 2-morphisms from the identity 1-morphism to itself. This space has second homotopy group Π 2 and all others vanishing.
This map is well known to be a fibration
which is classified by the Postnikov class β ∈ H 3 (BΠ 1 , Π 2 ). For this fibration, the E 2 page of the Serre spectral sequence is the α-equivariant cohomology H p (BΠ 1 , H q (B 2 Π 2 , Z)). The shape of the relevant piece is Note that p labels the columns and q labels the rows. The bottom row is H p (BΠ 1 , Z).
The rows with q = 1, 2, 4 all vanish because Hurewicz's theorem implies H 1 (B 2 Π 2 , Z) = H 3 (B 2 Π 2 , Z) = 0. From the universal coefficient theorem it then follows H 1 (B 2 Π 2 , Z) = 0, and since all cohomology classes on B 2 Π 2 in positive degree are |Π 2 |-torsion, the 2nd and 4th cohomology groups also vanish.
The universal coefficient theorem also tells us that H 3 (B 2 Π 2 ) = Hom(Π 2 , R/Z) =Π 2 , so the q = 3 row is H p (BΠ 1 ,Π 2 ), where Π 1 acts onΠ 2 via α. For example, H 0 (BΠ 1 ,Π 2 ) is the subgroup of Π 1 -invariant characters inΠ 2 .
It is also known that H 5 (B 2 Π 2 , Z) = H 4 (B 2 Π 2 , R/Z) is the group of quadratic functions q : Π 2 → R/Z [19] . The isomorphism is dis-cussed in detail in [3] . The group in the (0, 5) spot in the top left is then the subgroup of Π 1 -invariant quadratic forms.
The first possibly non-zero differential is on the E 3 page:
We find it difficult to prove, but we believe that this map sends an element of the left-hand side, which is a Π 1 -invariant quadratic form q : Π 2 → R/Z to β, − q , where the bracket denotes the bilinear pairing x, y q = q(x + y) − q(x) − q(y).
The next possibly non-zero differentials are on the E 4 page:
This map is contraction with β.
The last relevant possibly non-zero differential is on the E 6 page:
We believe this differential is actually zero. This is enough to give the description of the topological actions we give in section 6.
